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ABSTRACT 
 
In this article, we describe the mathematical formulation and the numerical implementation of an 
effective parametrization of the viscous anisotropy of orthorhombic materials produced by 
crystallographic preferred orientations (CPO or texture), which can be integrated into 3D 
geodynamic and materials science codes. Here, the approach is applied to characterize the texture-
induced viscous anisotropy of olivine polycrystals, the main constituent of the Earth’s upper 
mantle. The parameterization is based on the Hill (1948) orthotropic yield criterion. The 
coefficients of the Hill yield surface are calibrated based on numerical tests performed using the 
second order Viscoplastic Self-consistent (SO-VPSC) model. The parametrization was 
implemented in a 3D thermo-mechanical finite-element code developed to model large-scale 
geodynamical flows, in the form of a Maxwell rheology combining isotropic elastic and 
anisotropic non-linear viscous behaviors. The implementation was validated by comparison with 
results of the analytical solution and of the SO-VPSC model for simple shear and axial 
compression of a homogeneous anisotropic material. An application designed to examine the effect 
of texture-induced viscous anisotropy on the reactivation of mantle shear zones in continental 
plates highlights unexpected couplings between localized deformation controlled by variations in 
the orientation and intensity of the olivine texture in the mantle and the mechanical behavior of 
the elasto-viscoplastic overlying crust. Importantly, the computational time only increases by a 
factor 2-3 with respect to the classic isotropic Maxwell viscoelastic rheology. 
 
 
1 INTRODUCTION 
 
The greatest challenge in modeling the dynamics of the solid Earth is to reproduce the 
extremely heterogeneous deformation of the outer layer of the planet – the tectonic plates, which 
have thicknesses ranging from a few km at oceanic ridges to >200 km beneath some continental 
domains, in response to the continuous motion that animates the underlying convective mantle. 
Texture-induced viscous anisotropy is a key parameter in producing strain localization, since: (1) 
plates deform mostly by non-linear viscoplastic processes and (2) all major rock-forming minerals 
have low symmetries (hexagonal, trigonal, orthorhombic, monoclinic, or triclinic). They usually 
develop strong textures in response to deformation and therefore the rocks that compose the plates 
display a strongly anisotropy of their physical properties.  
Olivine, which is the major constituent (60-80%) of the, in most cases, strongest section of 
the tectonic plates (50-90% of the total thickness of the plate), is orthorhombic. It displays a 
marked anisotropy of its thermal and mechanical properties (Tommasi et al. 2001; Abramson et 
al. 1997; Bai et al. 1991). Geodynamical flows produce strong olivine textures, which are only 
significantly modified by further deformation (e.g., Nicolas and Christensen 1987, Wenk et al. 
1991, Tommasi et al. 2000). Seismological measurements are able to detect the elastic anisotropy 
produced by these textures (e.g., Hess 1969; Savage, 1999; Tommasi and Vauchez, 2015). These 
data record patterns of active or old (fossilized) olivine textures, which are homogeneous at the 
scale of several tens to hundreds of km in the upper mantle. These textures produce viscoplastic 
anisotropy at large-scale (Knoll et al. 2009; Hansen et al. 2012; Mameri et al. 2019), which in 
turn modifies subsequent deformation. Texture-induced viscous anisotropy has been proposed, for 
instance, as a major feature of plate tectonics, explaining the reactivation of ancient structures, 
even at hundreds of thousands years of intervals (Vauchez et al. 1997; Tommasi et al. 2001; 
Tommasi et al. 2009). It has also been proposed to modify the convective patterns and the 
interactions between the plates and the convective mantle (Castelnau et al. 2009; Lev et al. 2011; 
Blackman et al. 2017). A precise description of the viscous anisotropy produced by olivine 
textures was achieved by explicitly coupling viscoplastic self-consistent calculations of polycrystal 
deformation into geodynamical flow models (Knoll et al. 2009; Tommasi et al. 2009; Castelnau 
et al. 2009; Blackman et al. 2017). However, this approach remains too time- and memory-
consuming for widespread use. 
Hierarchical multi-scale modelling provides a path for exchanging information between 
systems with different characteristic length scales. Several strategies may be defined (Gawad et 
al, 2015). Analytical yield functions are often preferred to polycrystal models for describing the 
anisotropy of materials in large-scale simulations due to their simplicity and numerical efficiency. 
However, definition of such functions for low-symmetry materials is not trivial. In the present 
work, we adopt the virtual-experiment strategy for exploring the viscosity tensor of a textured 
material composed of orthorhombic crystals. In this approach, a number of fine-scale simulations 
are performed to determine the parameters that characterize the phenomenological yield function 
implemented in the large-scale simulations. This strategy allows combining the accuracy of the 
description of the texture-induced viscous anisotropy of the fine-scale model and the numerical 
performance of the yield functions (Plunkett et al. 2006). Additionally, since simulations are able 
to calculate the material response at any point of the loci-surface, the virtual-experiment strategy 
provides a method for identifying the parameters in the yield function for deformation modes that 
cannot be achieved in laboratory experiments.  
In this article, we describe the mathematical formulation and the numerical implementation 
of a parametrization of the anisotropic viscoplastic rheology of olivine polycrystals in a 3D finite-
element thermo-mechanical code (Adeli3D, Hassani et al., 1997). The parameterization is based 
on the Hill (1948) orthotropic yield criterion in which the coefficients that calibrated the Hill yield 
surface are based on numerical tests performed using the second order Viscoplastic Self-consistent 
(SO-VPSC) model. The aim is to provide a simplified Maxwell rheology model, combining 
isotropic elastic and anisotropic non-linear viscous behavior, that can be integrated into 3D 
geodynamic and materials science codes, allowing the physical description of a complex multi-
scale system with reasonable computational times. 
 
 
2 PARAMETERIZING TEXTURE-INDUCED VISCOUS ANISOTROPY IN VISCOELASTIC 
ORTHOTROPIC MATERIALS  
  
The framework presented in this section to parameterize the anisotropic rheology of an 
olivine polycrystal is based on the notion of hierarchical multi-scale modelling. It extends the 
classical viscoelastic Maxwell model to consider viscous anisotropy calibrated based on the Hill 
(1948) orthotropic yield criterion. The parameters describing the anisotropy are identified using 
fine-scale virtual experiments performed using viscoplastic self-consistent simulations of the 
deformation of an olivine polycrystal. 
 
2.1 Thermo-mechanical code 
 
 We implement the viscous anisotropy parameterization in the 3D thermo-mechanical code 
Adeli3D (Hassani et al., 1997), which is optimized to model large-scale geodynamical flows, 
focusing on the deformation of the lithosphere, i.e. the semi-rigid plates that compose the outer 
layer of the Earth. The code is based on a Lagrangian finite-element discretization of the quasi-
static mechanical behavior of the lithosphere, which solves the obtained non-linear equations using 
a dynamic relaxation method (Cundall and Board, 1988). The problem consists in finding the 
velocity field 𝐯 and the symmetric tensor 𝛔 satisfying 
 
 {
𝐝𝐢𝐯 𝝈 + 𝜌𝑙  𝐠 = 𝟎
𝐷𝝈
𝐷𝑡
= ℳ( 𝝈,𝐃)
        in Ω, (1) 
 
where Ω is the physical domain, 𝐠 is the acceleration vector due to gravity, 𝜌𝑙 is the lithosphere 
density and 𝐃 = 𝟏
𝟐
(𝛁𝐯+𝛁𝐯T). 
𝐷
𝐷𝑡
 is an objective time derivative associated to the large strain 
formulation. Jaumann and Green-Naghdi are the most frequently used objective derivatives. They 
can be expressed using the same formulation: 
 
 
𝐷𝝈
𝐷𝑡
= ?̇? − 𝑾 𝝈 + 𝝈 𝑾, (2) 
 
 with  𝑾 = 𝝎 , for the Jaumann derivative 
 and   𝑾 = 𝛀, for the Green-Naghdi derivative 
 where 𝜔𝑖𝑗 =
1
2
(
𝜕𝑉𝑖
𝜕𝑥𝑗
−
𝜕𝑉𝑗
𝜕𝑥𝑖
) is the material spin tensor (i.e., the screw part of the velocity gradient, 
𝜕𝑉𝑖
𝜕𝑥𝑗
) and 𝛀 = ?̇? 𝐑T the rotation rate associated with the left polar decomposition of the deformation 
gradient 𝐅 (𝐅 = 𝐑𝐔). As generally in geodynamic simulations, we use the Jaumann corotational 
stress rate in our simulations.  
The functional ℳ in Eq. (1) stands for a general hypoelastic constitutive law. In the present 
case, ℳ describes a Maxwell rheology combining isotropic elastic and anisotropic non-linear 
viscous behavior. The transition between the elastic and viscous regimes depends on the 
temperature and stress, which change the viscosity, and on the considered time-scale.  
 
2.2 Maxwell viscoelasticity 
 
The viscoelastic constitutive law combines the contributions of the elastic 𝐃𝑒 and the 
viscous 𝐃𝑣 strain-rates. The total strain-rate D is defined as the sum of these two contributions: 
 
 𝐃 = 𝐃𝑒 + 𝐃𝑣 (3) 
 
and the constitutive relationship is given by 
 
 
𝐷𝝈
𝐷𝑡
= 2𝜇 (𝐃 − 𝐃𝑣) + 𝜆 𝑡𝑟(𝐃 − 𝐃𝑣) 𝐈 (4) 
 
with Ι the second-order identity tensor, “tr” the trace operator, and 𝜇 and 𝜆 the Lamé moduli. The 
viscous strain-rate 𝐃𝑣 is given by the flow rule 
 
 𝐃𝑣 =
𝜕Φ
𝜕𝝈
  (5) 
 
where Φ(𝝈) is a viscous potential. A typical choice for this potential is the power-law equation:  
 
 Φ(𝝈) =
2
3
𝛾
𝑛+1
𝐽𝑛+1(𝛔),  (6) 
 
where 𝐽(𝛔) is the equivalent stress, 𝛾 = 𝛾0 exp(−𝑄/𝑅𝑇 ), 𝑛, 𝑄 and 𝛾0 are the experimentally-
derived power-law exponent, activation energy in kJ mol-1K-1, fluidity in Pa-ns-1, respectively, 𝑅 is 
the gas constant, and 𝑇 is temperature in Kelvin. Using Eqs. (5) and (6), the viscous part of the 
total strain-rate can be expressed as:  
 
 𝐃𝑣 =
2
3
𝛾𝐽𝑛(𝛔)
𝜕𝐽(𝛔)
𝜕𝝈
 . (7) 
  
To describe an anisotropic viscous behavior, the yield condition, which was defined by the 
Von Mises yield function in the isotropic case, is here defined by the orthotropic yield function of 
Hill (1948).  
 
2.2.1 Hill (1948) orthotropic yield criterion 
 
The Hill yield function, which builds on the Von Mises’ concept of plastic potential, 
defines a pressure-independent homogenous quadratic criterion. This form assumes that the 
reference axes are the principal axes of anisotropy of the material, which are orthogonal. The 
resulting yielding function takes the form: 
 
𝐽(𝝈) = √𝐹(𝜎11 − 𝜎22)2 + 𝐺(𝜎22 − 𝜎33)2 + 𝐻(𝜎33 − 𝜎11)2 + 2𝐿𝜎12
2 + 2𝑀𝜎23
2 + 2𝑁𝜎31
2  (8) 
 
To predict the viscous contribution of anisotropic materials under multiaxial stress conditions, 
𝐽(𝛔) is considered as the definition of the equivalent stress and Eq. (7) becomes: 
          
 𝐃𝑣 = 𝛾𝐽
𝑛−1𝐀 ∶ 𝐒 (9) 
 
where 𝐒 is the deviatoric part of 𝛔 and A is a rank-4 tensor describing the material anisotropy, and 
stress dependency of 𝐽 is omitted in order to simplify the notation. Using the Voigt notation, 𝐀 has 
the following matrix representation in the reference frame defined by the principal axes of 
anisotropy of the material: 
 
 𝐀 =
2
3
[
 
 
 
 
 
𝐹 + 𝐻 −𝐹 −𝐻 0 0 0
−𝐹 𝐺 + 𝐹 −𝐺 0 0 0
−𝐻 −𝐺 𝐻 + 𝐺 0 0 0
0 0 0 𝐿 0 0
0 0 0 0 𝑀 0
0 0 0 0 0 𝑁]
 
 
 
 
 
, (10) 
 
where 𝐹, 𝐺, 𝐻, 𝐿, 𝑀, 𝑁 are the Hill yield surface coefficients, which describe the anisotropy of the 
material. In the case of an isotropic aggregate, 
 
 𝐹 = 𝐺 = 𝐻 = 1
2
,           𝐿 = 𝑀 = 𝑁 = 3
2
, (11) 
 
and Eq. (8) reduces to the Von Mises yield function. With this particular choice of the potential, 
the viscous strain-rate is traceless and the Maxwell constitutive law takes the form: 
 
 
𝐷𝝈
𝐷𝑡
= 2𝜇 𝐃 + 𝜆 𝑡𝑟(𝐃) 𝐈 − 2𝜇𝛾𝐽𝑛−1𝐀 ∶ 𝐒.  (12) 
 
2.2.2 Numerical integration 
 
 It is convenient to split the constitutive law given in Eq. (4) in deviatoric and hydrostatic 
parts that can be integrated separately:  
 
 ?̇? + 𝒋𝝎(𝐒) = 2𝜇(𝐃′−𝐃′𝑣),  (13a) 
 
 ?̇? = 𝐾 𝑡𝑟(𝐃) (13b) 
 
where 𝐃′ and 𝐃′𝑣(= 𝐃𝑣) are the deviatoric parts of the total and viscous strain-rate tensors, 
respectively, and 𝒋𝝎(𝐒) =  𝐒𝛚 + (𝐒𝛚)
T when the Jaumann derivative is used.  
Assuming 𝐃 and 𝛚 constant in the time interval [𝑡, 𝑡 + Δ𝑡] and using the Crank-Nicolson 
scheme, the stress at time station 𝑡 + Δ𝑡 is sought as the solution of the non-linear equation: 
 
 𝐒𝑡+Δ𝑡 = 𝐒𝑡 + 2𝜇Δ𝑡 𝐃′ − 𝜇Δ𝑡 𝐃′𝒗(𝐒
𝑡) −
Δ𝑡
2
 𝒋𝝎(𝐒
𝑡) − 𝜇Δ𝑡 𝐃′𝒗(𝐒
𝑡+Δ𝑡) −
Δ𝑡
2
 𝒋𝝎(𝐒
𝑡+Δ𝑡)   (14a) 
 
 𝑝𝑡+Δ𝑡 = 𝑝𝑡 + 𝐾 𝑡𝑟(𝐃)  (14b) 
 
Eq. (14a) can be expressed as 𝒓(𝐒𝑡+Δ𝑡) = 𝟎, with 
 
 𝒓(𝐒) = 𝐒 + 𝜇Δ𝑡 𝐃′𝑣(𝐒) +
Δ𝑡
2
 𝒋𝝎(𝐒) − ?̃?, (15) 
 
where ?̃? groups together the terms known at the beginning of the time interval (t): 
 
 ?̃? =  𝐒𝑡 + 2𝜇Δ𝑡 𝐃′ − 𝜇Δ𝑡 𝐃′𝑣(𝐒
𝑡) −
Δ𝑡
2
 𝒋𝝎(𝐒
𝑡). (16) 
 
Defining ℛ as the laboratory reference frame and ℛ̂ the material reference frame, a second-
order tensor ?̂? defined in ℛ̂ can be expressed in ℛ through a rotation matrix 𝑅0, which allows 
changing from the material to laboratory reference frame (i.e., from ℛ̂ to ℛ): 
 
 ?̂? = 𝑅0
𝑇  𝐗 𝑅0 (17) 
 
Expressing Eqs. (15-16) in the material reference frame ℛ̂, we obtain  
 
 ?̂?(?̂?) = ?̂? + 𝜇Δ𝑡 ?̂?′𝑣(?̂?) +
Δ𝑡
2
 𝒋?̂?(?̂?) − ?̂̃?, (18) 
 
 ?̂̃? =  ?̂?𝑡 + 2𝜇Δ𝑡 ?̂?′ − 𝜇 Δ𝑡 ?̂?′𝑣(?̂?
𝑡) −
Δ𝑡
2
 𝒋𝝎(?̂?
𝑡), (19) 
 
where ?̂? = 𝑅0
𝑇  𝐒 𝑅0 and ?̂?′ = 𝑅0
𝑇  𝐃′ 𝑅0. Newton’s method is used to solve the non-linear system  
?̂?(?̂?) = 𝟎 and the inverse rotation is applied to find the deviatoric stress at 𝑡 + Δ𝑡 in the laboratory 
reference frame.  
The numerical implementation in Adeli3D (hereinafter referred as Adeli3D-anis) of the 
procedure described in this section allows a parameterized description of the viscous anisotropy 
component of any orthotropic viscoelastic material. Before applying it to characterize the texture-
induced viscous anisotropy of olivine polycrystals, we validated the implementation by 
comparison with semi-analytical solutions for simple settings.  
 
2.2.3 Validation of the implemented Hill-based parameterization of the viscoelastic anisotropy 
 
The numerical integration technique associated with the anisotropic viscous 
parameterization presented in the previous section was first validated based on its ability to recover 
a semi-analytical solution for a shear test applied to a material with either a linear (n = 1) or a non-
linear (n = 3.6) viscous rheology. Shear is imposed by a velocity field described in the laboratory 
reference frame ℛ (axes 𝑥, 𝑦, 𝑧) by 𝐯[ℛ](𝑥, 𝑦, 𝑧) = (2𝑎𝑦, 0,0), with 𝑎 > 0. The material reference 
frame ℛ̂ (anisotropy axes 𝑥1, 𝑥2, 𝑥3 = 𝑧) is rotated from the laboratory reference frame ℛ by an 
angle 𝜃 (Figure 1a). The strain-rate, the corotational rotation rate and the deviatoric stress are 
expressed in ℛ̂ as follows: 
?̂? = 𝑎 [
sin 2𝜃 cos2𝜃 0
cos 2𝜃 − sin 2𝜃 0
0 0 0
] , ?̂? = 𝑎 [−
0 1 0
1 0 0
0 0 0
] , ?̂? =  [
?̂?11 ?̂?12 0
?̂?12 ?̂?22 0
0 0 −(?̂?11 + ?̂?22)
] (20a) 
and in ℛ the stress components are given by 
𝐒 = 𝐑0 ?̂? 𝐑0
𝑇 = [
𝜎𝑥𝑥 𝜎𝑥𝑦 0
𝜎𝑥𝑦 𝜎𝑦𝑦 0
0 0 −(𝜎𝑥𝑥 + 𝜎𝑦𝑦)
] (20b) 
with R0 the rotation matrix from ℛ̂ to ℛ. 
  
In this simple case, from Eq. (13) and assuming zero initial stresses, the resulting 
differential system can be written as 
 
 {
?̇?(𝑡) + 𝐂𝑛(𝒚) ∙ 𝒚(𝑡) = 𝒃,     0 < 𝑡 ≤ 𝑡𝑓 
𝒚(0) = 𝟎
 (21) 
 where 𝒚 = (?̂?11, ?̂?22, ?̂?12)
𝑻, 𝒃 = 2𝜇𝑎 (sin 2𝜃 ,−sin 2𝜃 , cos 2𝜃)𝑻, and  
 
 𝐂𝑛(𝒚) = [
(𝐹 + 2𝐻)𝛼𝑛(𝒚) (𝐻 − 𝐹)𝛼𝑛(𝒚) −2𝑎
(𝐺 − 𝐹)𝛼𝑛(𝒚) (𝐹 + 2𝐺)𝛼𝑛(𝒚) 2𝑎
𝑎 −𝑎 𝐿 𝛼𝑛(𝒚)
], (22) 
 
with  𝛼𝑛(𝒚) =
4
3 
𝜇𝛾(𝐹(𝑦1 − 𝑦2)
2 + 𝐺(𝑦1 + 2𝑦2)
2 + 𝐻(2𝑦1 + 𝑦2)
2 + 2𝐿𝑦3
2)(𝑛−1)/2. 
We can make the following remarks: 
1) For the linear case (n = 1) the coefficients of 𝐂𝑛 are obviously constant and the solution 
of the system takes the form: 𝒚 = (𝐈 − 𝑒−𝑡𝐂1) ∙ 𝐂1
−1 ∙ 𝒃 while for the general non-linear 
case, only a numerical solution can be computed (for these validations tests, we used an 
ODE solver of Matlab). 
2) The components 13, 23, 31 and 32 of  𝐂𝑛 (implying the magnitude of the velocity 
gradient a) come from the finite strain formalism (Jaumann derivative).  
3) Unlike the isotropic case for which 𝜎𝑥𝑥 and 𝜎𝑦𝑦  are always opposite, an out-of-plane 
stress  𝜎𝑧𝑧 exists whenever 𝐻 ≠ 𝐺.   
 
Validation tests in Adeli3D-anis were run for a cube of 1 m3 composed of 6 four–node 
tetrahedral finite-elements with homogenous isotropic and anisotropic material parameters (Figure 
1b and 1c). Shear deformation was imposed by applying a constant tangential velocity parallel to 
the axis 1 on the face normal to axis 2 of the cube, while keeping the opposite face fixed and 
imposing null normal velocities to the two faces normal to axis 3 (Figure 4a). The isotropic 
material parameters are given in Table 1. 
 
Table 1: Parameters describing the isotropic part of the rheology in all validation tests 
 𝜆 (GPa) 𝜇 (GPa) n 𝛾0 (Pa
-ns-1) Q (kJ/mol) T (K) 
Test1 40 40 1 0.5 10-12 0 1423 
 Test2 40 40 3.6 0.5 10-18 500 1423 
  
Figure 1: Simple shear tests for validating the implementation of the parameterization of the 
viscous anisotropy in large deformations for the general case of a misalignment 𝜃 = 30° between 
the anisotropy axes (ℛ̂) with respect to the laboratory axes (ℛ). Components of the stress tensor 
as a function of time for the semi-analytical solution and the Hill-based parameterization of the 
viscoplastic anisotropy implemented in Adeli3D-anis for (b) Newtonian isotropic (n=1) and (c) 
non-Newtonian (n=3.6) anisotropic case-studies. The Hill yield surface coefficients are defined in 
the material texture reference frame (ℛ̂), which is orthotropic. They correspond to those of an 
isotropic and a strongly textured olivine polycrystal, determined following the approach described 
in section 2.3. Shear is imposed parallel to the maximum concentration of [100] of the texture. 𝑎 
[s-1] is a factor proportional to the norm of the imposed velocity gradient. 
 
For both isotropic linear and anisotropic non-linear cases, the Adeli3D-anis and the semi-
analytical solution are numerically identical (Figure 1b and 1c). In both cases, the imposed simple 
shear deformation is associated with a dominant 𝜎𝑥𝑦 stress component, but the presence of a 
texture-induced anisotropy results in enhancement of this shear component relatively to the 
diagonal ones. As it is mentioned above anisotropy (𝐻 ≠ 𝐺) induces a 3D stress field, where an 
out-of-plane stress  𝜎𝑧𝑧 takes place (Figure 1c). 
 
2.3 Determining the Hill coefficients for olivine polycrystals using the VPSC model 
 
The constitutive relationship presented above includes the effects of anisotropy through the 
Hill coefficients. Normally in Materials Sciences, these coefficients are determined through a set 
of mechanical tests. However, such tests are often unfeasible for geological materials because 
viscous deformation is only attained experimentally at high confining pressures, limiting the 
possible geometry of laboratory experiments. Thus, we calibrated the Hill coefficients, which 
describe the texture-induced viscous anisotropy of olivine polycrystals, based on VPSC 
polycrystal plasticity simulations.   
 
Unlike the upper and lower bound models, the VPSC formulation allows each grain to 
deform according to its orientation and the strength of the interaction with its surroundings. Each 
grain is considered as an ellipsoidal inclusion surrounded by a homogeneous effective medium 
that has the average properties of the polycrystal. Several choices are possible for the linearized 
behavior at grain level. The secant (Hill 1965; Hutchinson 1976), affine (Ponte Castañeda 1996; 
Masson et al. 2000), and tangent approaches (Molinari et al. 1987; Lebensohn and Tomé 1993) 
are first-order approximations, which disregard higher-order statistical information inside the 
grains. However, for highly anisotropic materials displaying a strong contrast in mechanical 
behavior between differently oriented grains, such as olivine, the second order approximation (SO-
VPSC), which takes into account average field fluctuations inside the grains (Castañeda, 2002), 
is a better choice (Castelnau et al. 2008). For completeness, a brief description of the theoretical 
framework of SO-VPSC is presented below.  
The viscoplastic constitutive behavior is described by a rate-sensitive relation: 
 
 𝐝(𝐱) = ∑ 𝐦𝑠(𝐱)?̇?𝑠(𝐱) =𝑠 ?̇?𝑜 ∑  𝐦
𝑠(𝐱) |
𝐦𝒔(𝐱):𝐬(𝐱)
𝝉𝒄
𝒔(𝐱)
|
𝟏
𝑚
𝑠 , (23) 
 
where 𝐦𝑠 =
𝟏
𝟐
(𝐧𝑠⨂𝐛𝑠 + 𝐛𝑠⨂𝐧𝑠) is defined as a symmetric tensor, with 𝐧𝑠  and 𝐛𝒔 the normal to 
the slip systems´ glide plane and the Burgers’ vector , respectively.  ?̇?𝑠  represents the strain-rate 
accommodated by the slip system s. ?̇?𝑜 is a normalization factor, m is the inverse of the rate-
sensitivity exponent and 𝜏𝑐
𝑠
 is the critical resolved shear stress of the slip system s. The tensors 
d and s are the local strain-rate and deviatoric stress, respectively. Linearizing Eq. (23), we 
obtain: 
 
 𝐝(𝐱) = 𝒍: 𝐬(𝐱) + 𝐝𝟎,  (24a) 
 
 𝐃 = 𝐋: 𝐒 + 𝐃𝟎,  (24b) 
 
 
where 𝒍, L are the viscoplastic compliances, 𝐝0, 𝐃0 are the back-extrapolated terms at the level of 
the grain and of the aggregate, respectively, and 𝐃 and 𝐒 are the macroscopic deviatoric strain-rate 
and stress tensors. 
The effective stress potential of the polycrystal described by Eq. (24b) may be written in 
the form 
 
 𝑈𝑇 =
1
2
𝐋 ∷  (𝐒⨂𝐒) + 𝐃0: 𝐒 +
1
2
𝐺, (25) 
 
which expresses the effective potential 𝑈 of the nonlinear viscoplastic polycrystal in terms of a 
linearly viscous aggregate with properties determined from variational principles. The last term in 
Eq. (25) is the power under zero applied stress. The average second-order moment of the stress 
field is a fourth-order tensor given by: 
 
 〈𝐬⨂𝐬〉 =
2
𝑐
 
𝜕𝑈𝑇
𝜕𝒍
=
1
𝑐
 
𝜕𝐋
𝜕𝒍
∷ (𝐒⨂𝐒) +
1
𝑐
 
𝜕𝐃0
𝜕𝒍
: 𝐒 +
1
𝑐
 
𝜕𝐺
𝜕𝒍
, (26) 
 
where 𝑐 is the volume fraction of a given grain. From the average second-order moments of the 
stress, the associated second-order of the strain-rate can then be evaluated as: 
 
 〈𝐝⨂𝐝〉 = (𝒍⨂𝒍) ∷ 〈𝐬⨂𝐬〉 + 𝐝⨂𝐝0 + 𝐝0⨂𝐝 − 𝐝0⨂𝐝0 (27) 
 
The average second-order moments of the stress field over each grain are obtained by calculating 
the derivatives in Eq. (26). The implementation of the second-order procedure in VPSC follows 
the work of Liu and Ponte Castaneda (2004) - for more details, see the VPSC7c manual (Tomé 
and Lebensohn, 2012). 
 2.3.1 Polycrystal Equipotencial Surface 
 
The anisotropy of a viscoplastic material can be described by comparing points that belong 
to the same reference equipotential surface. This requires probing the material in a given stress 
direction, while ensuring that the associated dissipation rate will be the same regardless of the 
chosen direction. This reference polycrystal equipotential surface (PES) is the locus of all stress 
states associated with a polycrystal with a given texture. In the present study, we use the SO-VPSC 
polycrystal plasticity model to estimate the PES.   
The plastic potential is essentially a function of the stress that can be differentiated to derive 
the plastic strain-rate. This function 𝑓(𝐒) is defined by a constant plastic work rate, ?̇?0, along the 
potential. The plastic work rate for an arbitrary macroscopic strain-rate, 𝐃0, is defined as: 
 
 𝑓(𝐒) = 𝐒 ∶ 𝐃 = 𝐒0: 𝐃0 = ?̇?0,   (28)   
 
where  𝐒0 is the stress state corresponding to a given 𝐃0 (or inversely). This function defines a 
series of convex surfaces in the deviatoric stress space, which are equipotential surfaces when 𝑓(𝐒) 
is constant. As 𝐒 or 𝐃 is not known a priori, the obtained plastic potential rate can be different 
from ?̇?0. In this case the stress point does not lie on the selected equipotential. The stress or strain-
rate on the selected equipotential can be obtained based on Hutchinson (1976), which showed that 
when the magnitude of the strain-rate is changed by a factor 𝜁, the stress response of the polycrystal 
becomes 
 
 𝑺(𝜁𝐃) = 𝜁𝑛 𝐒(𝐃) (29) 
 
As a consequence, the magnitude of 𝐒 or 𝐃 can be scaled as follows: 
 
 𝐃∗ = 𝐃 (
𝑊0̇
?̇?
)
𝑛
1+𝑛⁄
;        𝐒∗ = 𝐒 (
𝑊0̇
?̇?
)
1
1+𝑛⁄
 (30a-b) 
 
The standard VPSC code imposes the strain-rate vectors 𝐃 and calculates the associated 
stress 𝐒 for probing the material response. As mentioned above, both tensors can be renormalized 
to give the same dissipation rate for every point of the yield surface. The test direction in the strain-
rate space is given by  𝑛𝑖𝑗 = 𝐷𝑖𝑗 ‖𝐃‖⁄ , where ‖𝐃‖ = √𝐷𝑖𝑗𝐷𝑖𝑗 defines the length of the strain-rate 
tensor 𝐃. Thus, the strain-rate tensor can be characterized by a polar representation, which consists 
of a radius in strain-rate (deviatoric stress) space, ‖𝐃‖, and a set of direction cosines (𝑛𝑖𝑗). In this 
representation ‖𝐃‖ is an independent variable, whereas the nine values of 𝑛𝑖𝑗 are not. Since 𝐃 is 
a symmetric deviatoric second-order tensor, it is possible to represent the strain-rate tensor by a 
five-component unit vector using a second-order tensor with an orthonormal symmetric base 𝑛𝑖𝑗 =
𝑛𝜆 𝑏𝑖𝑗
𝜆 , 𝜆 = 1,… ,5 (see Appendix). Using generalized spherical coordinates, the vector n can be 
expressed as follows:  
 
 
𝑛(1) = cos𝜃1 sin 𝜃2 sin 𝜃3 sin 𝜃4 sin 𝜃5
𝑛(2) = cos𝜃2 sin 𝜃3 sin 𝜃4 sin 𝜃5
𝑛(3) = cos𝜃3 sin 𝜃4 sin 𝜃5
𝑛(4) = cos𝜃4 sin 𝜃5
𝑛(5) = cos𝜃5
 (31) 
 
with −𝜋 ≤ 𝜃 ≤ 𝜋 or 0 ≤ 𝜃 ≤ 𝜋/2 for centro or non-centro symmetric evaluation, respectively. 
As an example, if simulations are restricted to the 𝑆1 − 𝑆2 subspace, thus, 𝜃1 = 0,−𝜋 ≤ 𝜃2 ≤
𝜋, 𝜃3 = 𝜃4 = 𝜃5 = 𝜋/2, and Eq. (31) reduces to: 
 
 
𝑛(1) = sin 𝜃2
𝑛(2) = cos𝜃2
𝑛(3) = 0
𝑛(4) = 0
𝑛(5) = 0
 (32) 
 
with 𝜃2 scanned in steps of 1 degree and the probed strain-rate (deviatoric stress) tensor set to 
‖𝐃‖ = 1 . Here, we extend the original implementation of the PES calculation in the VPSC code 
(Tomé and Lebensohn; 2012 – VPSC7c manual) by allowing to choose whether the sampling 
points will be equispaced in strain-rate or in stress. The algorithm 1 presents how the PES can be 
evaluated. 
 Algorithm 1. Algorithm for evaluating the PESs assuming an equispaced strain-rate sampling. 
 
Inputs: component 𝑖, 𝑗 defining the subspace (𝜆𝑖 − 𝜆𝑗 , Appendix), flag for sampling variable 
(strain-rate or stress), Δ𝜃 angular resolution, ‖𝐚𝑝𝑟𝑜𝑏𝑒‖ norm of the probe vector, 
reference plastic work rate ?̇?0  
Results: the associated mechanical state (𝐃, 𝐒)𝑘 , 𝑘 = 1,… ,𝑁Δ𝜃 
𝒇𝒐𝒓 𝜃 = 0 𝑡𝑜 𝜃max (𝜆) 𝑒𝑣𝑒𝑟𝑦 Δ𝜃 𝒅𝒐 
𝐚𝑝𝑟𝑜𝑏𝑒 = ‖𝐚𝑝𝑟𝑜𝑏𝑒‖ 𝒏 (0, . . , 𝜃𝜆𝑗 , … ,0) 
// calculates normalized vector in 5-d space. 
Only 𝜃𝜆𝑗 is non null 
If (sampling variable) then  
𝐃𝑝𝑟𝑜𝑏𝑒 = 𝐚𝑝𝑟𝑜𝑏𝑒   // equispaced strain-rate sampling 
𝐒𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒   VPSC (𝐃𝑝𝑟𝑜𝑏𝑒) // performs VPSC calculation 
else  
𝐒𝑝𝑟𝑜𝑏𝑒 = 𝐚𝑝𝑟𝑜𝑏𝑒  // equispaced stress sampling 
𝐃𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒   VPSC (𝐒𝑝𝑟𝑜𝑏𝑒) // performs VPSC calculation 
endif  
Eqs. (24a-b) // mechanical states are normalized to the same 
reference plastic work rate 
𝐃∗𝑝𝑟𝑜𝑏𝑒/𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 − 𝐒
∗
𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒/𝑝𝑟𝑜𝑏𝑒  // store pairs (probe – response) 
𝒆𝒏𝒅 
 
As an example, we present in Figure 2 the {π}- and shear projections of the PES for an olivine 
aggregate with a typical orthorhombic texture, described by 1000 orientations. Its orientation 
distribution function (ODF) and intensity (J-index) were quantified using the open-source MTEX 
toolbox (Mainprice et al., 2014). The olivine slip systems data (Table 2) are derived from 
experiments at high temperature and moderate pressure conditions (Bai et al. 1991). All curves 
are normalized by the work rate of an isotropic olivine polycrystal deformed under similar 
conditions (full symbols). No appreciable differences are obtained either using a strain-rate or 
stress sampling for the calculation of the yield surfaces. Since only intracrystalline glide 
deformation modes are taken into account (no twinning), the predicted surfaces are centro-
symmetric. The four equipotential surfaces are then fitted using a least-square method to obtain 
the six coefficients (F, G, H, L, M, N) that satisfy the anisotropic Hill yield function (Eq. 9). Table 
3 presents the fitted coefficients for the orthorhombic texture showed in Figure 2. 
 
 
Table 2: Slip systems parameters used in the SO-VPSC simulations 
 
Slip Systems 
Critical Resolved  
Shear Stress # Stress exponent 
(010)[100] 1 3 
(001)[100] 1 3 
(010)[001] 2 3 
(100)[001] 3 3 
(011)[100] 4 3 
(110)[001] 6 3 
{111}<110>a 50 3 
{111}<011>a 50 3 
{111}<101>a 50 3 
# Adimensional values; normalized by flow stress of the (010)[100] slip system. 
a Slip systems not active in olivine, used for stabilizing the calculations, but 
accommodating << 5% strain in all simulations. 
 
 
 
 
 
Figure 2: {π}-and shear projections of the equipotential yield surface for a textured olivine 
polycrystal calculated using the SO-VPSC approach. Simulations were run using slip systems data 
compatible with high temperature and moderate pressure conditions (Table 2). The yield surface 
was sampled using 36 equispaced (Δ𝜃 = 15𝑜) stress points (open circles). For comparison, the 
yield surface obtained using a strain-rate sampling is also displayed in the {π}-projection (crosses). 
All loading conditions are normalized by the work rate displayed by an isotropic olivine 
polycrystal under similar conditions – the corresponding equipotential is displayed in the {π}-
projection as full circles. The insert on the top shows the olivine CPO used in the anisotropic 
calculations. The pole figure (contours in multiples of a uniform distribution) and the texture 
intensity (J-index) were processed using the open-source MTEX toolbox (Mainprice et al., 2014). 
 
Table 3: Hill coefficients obtained by imposing either strain-rate or stress for sampling the PES 
Sampling 
variable 
F G H L M N 
Strain-rate 
(err=0.034) 
0.0220 0.2208 0.3769 8.6133 2.0777 2.3101 
Stress 
(err=0.028) 
0.0225 0.2275 0.3744 8.9183 2.1258 2.3016 
 
 
2.3.2 Model validation 
 
In this section, we compare Adeli3D-anis predictions with those obtained directly by SO-
VPSC simulations for two simple case studies: simple shear or axial compression applied to a cube 
with a strong, but homogeneous olivine texture at various orientations relative to the mechanical 
solicitation. The slip systems data and the olivine texture used in both simulations are that reported 
in the previous section (Table 2 and Figure 2). Both models employ a large deformation formalism. 
The Hill constitutive material law is integrated in the material texture reference frame ℛ̂  (i.e., Hill 
coefficients are defined in ℛ̂).  
Since texture evolution as a function of strain is not implemented in the finite-element 
simulations, Von Mises equivalent (VM) stresses s𝑒𝑞 = √
3
2
𝑠𝑖𝑗𝑠𝑖𝑗 predicted by the Adeli3D-anis at 
steady-state are compared with VM stresses predicted by the SO-VPSC at the end of a single 
deformation step, before reorientation of the texture. The VM stress in Adeli3D-anis is averaged 
over all (six) elements of the cube mesh. The orientation of the texture reference frame (XYZ) 
relative to the mechanical solicitation reference frame (123) is varied from 0° to 90° at 15° 
intervals. SO-VPSC simulations are adimensionalized: all stresses are normalized by the stress in 
the easiest (010)[100] slip system of olivine, whereas Adeli3D-anis produces absolute stresses that 
depend on the isotropic rheological parameters and on the imposed temperature. To compare the 
results of Adeli3D-anis and SO-VPSC models, the VM stresses for the textured polycrystal were 
therefore normalized by the VM of an olivine polycrystal with 1000 randomly oriented grains, 
which has an isotropic mechanical response. 
 
Two sets of boundary conditions were considered in the axial extension tests. For the first 
set (BC1 in Figure 3a), extension was imposed in the Adeli3D-anis simulation by applying a 
constant velocity normal to the face normal to the axis 2 of the cube and keeping the opposite face 
fixed, one of the faces normal to the 1 and 3 axis is a symmetry plane (free slip conditions) and 
the other is free (free face). This correspond to mixed boundary conditions in SO-VPSC 
simulations, where an extensional velocity 22 is imposed, all shear velocity components are 
imposed null (𝐿ij = 0), and equal non-null stresses 11 and 33 are imposed.  
In the second set of boundary conditions (BC2 in Figure 4a), the two faces normal to the 
axis 1 are free in the Adeli3D-anis simulations. This corresponds to SO-VPSC simulations where 
the extensional velocity 22, a null velocity to half of the shear components (𝐿12 = 𝐿13 = 𝐿23 = 0), 
equal non null stresses 11 and 33, and null shear stresses. The predicted solutions for all loading-
geometries are remarkably similar between the Adeli3D-anis and the SO-VPSC models for the 
two sets of boundary conditions (Figure 3b). The less stringent boundary conditions (BC2), i.e. 
allowing a rigid rotation, results in lower normalized VM stresses for all solicitations oblique to 
the texture reference frame, except at 45° (Figure 3b). In our case, due to the symmetry of the 
initial olivine texture, this rigid rotation may only occur around the extension axis.  
 
 Figure 3: a) Imposed boundary conditions in Adeli3D-anis simulations and velocity gradient 
tensors (L) imposed in the corresponding SO-VPSC simulations: Lext extension and Lss simple 
shear. BC: boundary conditions. The symbol * indicates that the magnitude of the component is 
unknown and must be determined as a computational result. Comparison of the predictions of 
anisotropic ADELI3D and SO-VPSC simulations for a) axial extensional tests with two sets of 
boundary conditions (BC1 = two planes of symmetry and BC2 = a single plane of symmetry) and 
b) simple shear test (BC3). Parameters describing the isotropic part of the rheology are in Table 1. 
 
Simple shear tests were performed by applying a constant tangential velocity parallel to the 
axis 1 on the face normal to axis 2, keeping the opposite face fixed, and imposing null normal 
velocities to the two faces normal to axis 3 (BC3 in Figure 3a). Equivalent boundary conditions 
are simulated in SO-VPSC by imposing a non-null component 12 and null values to all other 
components of the velocity gradient tensor. The stress variation as a function of the orientation of 
the imposed shear relative to the texture reference frame predicted by Adeli3D-anis and SO-VPSC 
models are also remarkably similar (Figure 3c). 
 
3 APPLICATION: EFFECT OF TEXTURE-INDUCED VISCOUS ANISOTROPY 
ASSOCIATED WITH FOSSIL SHEAR ZONES ON THE DEFORMATION OF A 
CONTINENTAL PLATE 
 
Viscoplastic deformation of mantle rocks in lithospheric-scale shear zones, i.e., narrow 
zones accommodating shear displacements between relatively undeformed domains of a tectonic 
plate, leads to development of olivine textures that may be preserved for very long time spans 
(hundreds of millions years, cf. Tommasi and Vauchez 2015). Anisotropic viscosity due to fossil 
olivine texture in mantle shear zones has been argued to trigger localized deformation in the plates 
when the mechanical solicitation is oblique to the trend of the shear zones, leading to the formation 
of new plate boundaries parallel to these ancient structures (Vauchez et al. 1997; Tommasi et al. 
2001; Tommasi et al. 2009). However, previous simulations testing this effects, which directly 
coupled VPSC polycrystal plasticity models into the finite-element codes simulating the 
geodynamical flows, were too computationally demanding for full investigation of the interactions 
between texture-induced anisotropy and other strain localization processes active on Earth. The 
parametrization presented here allows for a significant gain in both computation time and memory 
requirements, enabling to run 3D geodynamical models that explicitly consider the effect of 
texture-induced viscous anisotropy in the mantle on the plates’ dynamics. Its first application in 
geodynamics, which focused on investigating the possible role of texture-induced viscous 
anisotropy in the mantle in producing enigmatic alignments of active seismicity in intraplate 
settings, corroborates the importance of texture-induced viscous anisotropy in controlling strain 
localization not only in the mantle, but also in the overlying crust. Most important, these 
simulations highlighted unexpected couplings between localized deformation controlled by 
variations in the orientation and intensity of olivine texture in the mantle and the deformation 
processes in the brittle (plastic) upper crust (Figure 4). A detailed analysis of the geological aspects 
of the problem are presented in Mameri et al. (2020). Parameters controlling the isotropic part of 
the mantle and crust rheologies are shown in Table 4. 
 
 
 
Figure 4 Strain localization quantified as the ratio between the average of second-invariant of the 
strain-rate within the fossil mantle shear zone and outside it for different orientations of the fossil 
shear zone relatively to the imposed shortening. The model represents a 1100 km long, 500 km 
wide, and 120 km thick continental plate containing a fossil shear zone marked by a change in the 
olivine texture in the lithospheric mantle. The olivine texture in the fossil shear zone is coherent 
with past strike-slip deformation (horizontal shear in a vertical plane, leading to a texture similar 
to the one presented in Fig. 2, with horizontal [100] and [010] maxima parallel and normal to the 
shear zone orientation, respectively). The surrounding mantle has a random texture. Strain 
localization is not symmetrical with respect to the orientation of the fossil shear zone relative to 
the imposed compression, reflecting correctly the fact that the CRSS of the easy [100](010) system 
is lower than that of the hard [001](010) system. Insert: Slip system activity predicted by the SO-
VPSC approach as function of the orientation of the shortening relatively to the maximum 
concentration of [100]-axes within the fossil shear zone plane. Strain localizes in the fossil shear 
zone when high shear stress are resolved onto the easy [100](010) slip system of olivine within it. 
 
Table 4: Isotropic material parameters used in the geodynamical simulations 
 
Wet  
quartzitea 
Wet 
duniteb 
Density (kg m− 3) 𝜌 2653 3300 
Young modulus (GPa) 70 160 
Poisson ratio 0.25 0.28 
Fluidity (Pa− n s− 1)  𝛾0 1.63 10
-26 3.98 10-25 
Activation Energy (kJmol− 1K− 1) Q 135 498 
Stress exponent n 3.1 4.5 
Angle of friction* 𝜙 30 - 
Cohesion (MPa) c 10 - 
*frictional weakening is imposed,  𝜙 is set to 15° once crustal fault plasticity in the mesh element exceeds 1%. 
      References: aPaterson and Luan (1990)  bChopra and Paterson (1984) 
 
 
 
4 COMPUTATIONAL COST 
 
Figure 5 compares the cost associated with using the present anisotropic Maxwell rheology 
relatively to the classical isotropic formulation for simulations with increasing number of elements. 
Plane strain compression is imposed to a plate with homogeneous isotropic material parameters 
associated with random texture. Parameters controlling the isotropic part of the rheology are the 
same in the two simulations (Table 4). Two difference tolerance values for convergence in the 
flow law integration were tested. Both isotropic and anisotropic calculation times increase almost 
linearly with the number of elements. Therefore, the ratio between the CPU times for Adeli3D-
anis and Adeli3D does not depend significantly on the mesh size. It even decreases with increasing 
mesh size, stabilizing for fine meshes. If more severe convergence tolerance criteria are imposed, 
the cost of the anisotropic rheology is slightly higher. In all cases, the proposed anisotropic 
parameterization induces an additional numerical effort < 3 times the computational cost of the 
isotropic rheology. It should be noted that this ratio may change slightly depending on the degree 
of anisotropy induced by the texture of the material.  
 
 
Figure 5: Evolution of the CPU time ratios between Adeli3D-anis / Adeli3D for increasingly finer 
mesh sizes, from 80km to 5km. The model domain has 1100 km long, 550 km wide, and 120 km 
thick. Simulations of Adeli3D-anis were performed using Hill yield surface coefficients for an 
isotropic texture (𝐹 = 𝐺 = 𝐻 = 1
2
,   𝐿 = 𝑀 = 𝑁 = 3
2
). 
 
4 CONCLUSION  
 
We developed a relatively simple formulation for a Maxwell rheology combining an 
isotropic elastic and a texture-induced anisotropic non-linear viscous behavior, parameterized 
based on the Hill (1948) orthotropic yield criterion. The six Hill yield surface coefficients (F, G, 
H, L, M, N) are obtained by least-square fitting of four equipotential surfaces calculated using the 
SO-VPSC model. This formulation was implemented in the 3D thermo-mechanical code Adeli3D 
developed for modeling geodynamical flows. The numerical integration technique associated with 
the anisotropic viscous parameterization was validated by recovering the semi-analytical solution 
for a shear test either assuming a linear (n=1) or a non-linear (n=3.6) viscous rheology. Comparison 
of the predictions of Adeli3D-anis for simple shear and axial compression of a cube with a 
homogeneous olivine texture further validated the implementation. The computational effort only 
increases by a factor of 2-3 with respect to the equivalent simulation with an isotropic Maxwell 
rheology. An example of the use of this parameterized viscous anisotropy is presented, allowing 
to quantifying the effect of texture-induced viscous anisotropy in the mantle on the dynamics of 
tectonic plates. It predicts coupling between localized deformation controlled by variations in the 
orientation and intensity of olivine texture in the mantle and the strain distribution in the shallow 
crust. A current limitation for using of the present parameterization for modeling more complex 
geodynamical flows is our ability to take into account the evolution of the anisotropy induced by 
texture evolution, while retaining the computational efficiency. This is part of an ongoing study, 
where different strategies are evaluated. 
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Liu, Y., Castañeda, P.P., 2004. Second-order theory for the effective behavior and field 
fluctuations in viscoplastic polycrystals. Journal of the Mechanics and Physics of Solids, 
52(2), 467-495.  
Mainprice, D., F. Bachmann, R. Hielcher, and H. Schaeben (2014). Descriptive tools for the 
analysis of texture projects with large datasets using MTEX—Strength, symmetry and 
components, in Rock Deformation from Field, Experiments and Theory: A Volume in 
Honour of Ernie Rutter, Spec. Publ., edited by D. R. Faulkner, E. Mariani, and J. 
Mecklenburgh, 409 pp., Geol. Soc., London, U. K., doi:10.1144/SP409.8. 
Mameri, L., Tommasi A., Signorelli, J., Hassani R. (2020), Olivine-induced viscous anisotropy in 
fossil strike-slip mantle shear zones and associated strain localization in the crust, 
Geophysical Journal International, in press 
Mameri, L., Tommasi, A., Signorelli, J., & Hansen, L. N. (2019). Predicting viscoplastic 
anisotropy in the upper mantle: a comparison between experiments and polycrystal 
plasticity models. Physics of the Earth and Planetary Interiors, 286, 69-80 
Masson, R., Bornert, M., Suquet, P., Zaoui, A., 2000. An affine formulation for the prediction of 
the effective properties of nonlinear composites and polycrystals. Journal of the 
Mechanics and Physics of Solids 48, 1203-1227. 
Molinari A., Canova G., Ahzi S., 1987. A self-consistent approach of the large deformation 
polycrystal viscoplasticity. Acta Metallurgica et Materialia 35, 2983-2994 
Nicolas, A., & Christensen, N. I. (1987). Formation of anisotropy in upper mantle peridotites-A 
review. Composition, structure and dynamics of the lithosphere‐asthenosphere system, 
16, 111-123 
Paterson, M.S., Luan, F.C., 1990. Quartzite rheology under geological conditions. In: Knipe, R.J., 
Rutter, E.H. (Eds.), Deformation mechanisms, rheology and tectonics. Geological Society 
Special Publication, pp. 299–307. Peacock 
Plunkett, B., Lebensohn, R.A., Cazacu, O., Barlat, F., Anisotropic yield function of hexagonal 
materials taking into account texture development and anisotropic hardening. Acta Mater 
2006;54:4159–69. https://doi.org/10.1016/j.actamat.2006.05.009. 
Ponte Castañeda P., 1996. Exact second-order estimates for the effective mechanical properties of 
nonlinear composites. Journal of the Mechanics and Physics of Solids 44, 827-862  
Ponte Castañeda, P., 2002. Second-order homogenization estimates for nonlinear composites 
incorporating field fluctuations: I—theory. J. Mech. Phys. Solids 50, 737–757. 
https://doi.org/10.1016/S0022-5096(01)00099-0 
Professor Harry Hammond Hess. Nature 224, 393 (1969). https://doi.org/10.1038/224393a0 
Savage, M. K., 1999, Seismic anisotropy and mantle deformation: What have we learned from 
shear wave splitting?, Reviews of Geophysics., v. 37(1), p. 65–106. 
Signorelli, J., Tommasi, A., 2015. Modeling the effect of subgrain rotation recrystallization on the 
evolution of olivine crystal preferred orientations in simple shear. Earth Planet. Sci. Lett. 
430, 356–366. https://doi.org/10.1016/j.epsl.2015.08.018 
Tomé, C.N., Lebensohn, R.A., Manual for VPSC7c, Los Alamos National Laboratory, Los 
Alamos (2012),  https://public.lanl.gov/lebenso/VPSC7c_manual.pdf 
Tommasi, A., Knoll, M., Vauchez, A., Signorelli, J.W., Thoraval, C., Logé, R., 2009. Structural 
reactivation in plate tectonics controlled by olivine crystal anisotropy. Nat. Geosci. 2, 
423–427. https://doi.org/10.1038/ngeo528 
Tommasi, A., Mainprice, D., Canova, G., Chastel, Y., 2000. Viscoplastic self-consistent and 
equilibrium-based modeling of olivine lattice preferred orientations: Implications for the 
upper mantle seismic anisotropy. J. Geophys. Res. 105, 7893–7908. 
https://doi.org/10.1029/1999JB900411 
Tommasi, A., Vauchez, A., 2001. Continental rifting parallel to ancient collisional belts: An effect 
of the mechanical anisotropy of the lithospheric mantle. Earth Planet. Sci. Lett. 185, 199–
210. https://doi.org/10.1016/S0012-821X(00)00350-2 
Tommasi, A., Vauchez, A., 2015. Heterogeneity and anisotropy in the lithospheric mantle. 
Tectonophysics 661, 11–37. https://doi.org/10.1016/j.tecto.2015.07.026 
Vauchez, A., Barruol, G., Tommasi, A., 1997. Why do continents break up parallel to ancient 
orogenic belts? Terra Nova, 9(2), 63-66. 
Wenk, H.-R., Bennett, K., Canova, G.R., Molinari, a., 1991. Modelling plastic deformation of 
peridotite with the self-consistent theory. J. Geophys. Res. 96, 8337-8349. 
https://doi.org/10.1029/91JB00117 
  
Appendix  
 
When dealing with incompressible media, it is convenient to explicitly decompose stress 
and strain-rate into deviatoric and hydrostatic components and to confine them to different 
subspaces, which may be decoupled for certain mechanical regimes. There are different ways of 
achieving such a decomposition. In the present calculations, we express the second-order tensorial 
quantities in an orthonormal basis of second-order symmetric tensors {𝐛𝜆 }, defined as: 
 
𝐛1 =
1
√2
 (
−1 0 0
0 1 0
0 0 0
), 𝐛2 =
1
√6
 (
−1 0 0
0 −1 0
0 0 2
),  𝐛3 =
1
√2
 (
0 0 0
0 0 1
0 1 0
) 
  (A.1) 
 𝐛4 =
1
√2
 (
0 0 1
0 0 0
1 0 0
),  𝐛5 =
1
√2
 (
0 1 0
1 0 0
0 0 0
),  𝐛6 =
1
√3
 (
1 0 0
0 1 0
0 0 1
) 
 
 
The components of this basis have the property 
 
 𝑏𝑖𝑗
𝜆  𝑏𝑖𝑗
𝜆′ = 𝛿𝜆𝜆′ , (A.2) 
 
and provide a unique ‘vector’ and ‘matrix’ representation of second- and fourth-order symmetric 
tensors, respectively. In the particular case of the stress tensor: 
 
 𝜎𝑖𝑗 = 𝜎𝜆𝑏𝑖𝑗
𝜆 , (A.3) 
where: 
 
 𝜎𝜆 = 𝜎𝑖𝑗  𝑏𝑖𝑗
𝜆 , (A.4) 
 
The orthonormality of the basis guarantees that the six-dimensional strain-rate and stress vectors 
are work conjugate, i.e. 
 
 𝑑𝜆𝜎𝜆 = 𝑑𝑖𝑗𝜎𝑖𝑗 (A.5) 
 
The explicit form of the components 𝜎𝜆 is: 
 
 (𝜎1, 𝜎2, 𝜎3, 𝜎4, 𝜎5, 𝜎6) = (
𝜎22−𝜎11
√2
,
2𝜎33−𝜎11−𝜎22
√6
, √2𝜎23, √2𝜎13, √2𝜎12,
𝜎11+𝜎22+𝜎33
√3
) (A.6) 
 
and similarly for the components 𝑑𝜆. It is clear that in this representation the first five components 
are deviatoric and the sixth is proportional to the hydrostatic component of the tensor. conversely, 
to convert back the vector to the second-order tensor: 
 
 (
𝜎11 𝜎12 𝜎13
𝜎22 𝜎23
𝑠𝑦𝑚 𝜎33
) =  
(
 
 
−
𝜎1
√2
−
𝜎2
√6
+
𝜎6
√3
𝜎5/√2 𝜎4/√2
𝜎1
√2
−
𝜎2
√6
+
𝜎6
√3
𝜎3/√2
𝑠𝑦𝑚
2𝜎2
√6
+
𝜎6
√3)
 
 
 (A.7) 
 
